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We study various probability measures for eternal inflation by applying their regularization pre- 
scriptions to models where inflation is not eternal. For simplicity we work with a toy model describ- 
ing inflation that can interpolate between eternal and non-eternal inflation by continuous variation 
of a parameter. We investigate whether the predictions of four different measures (proper time, 
scale factor cutoff, stationary and causal diamond) change continuously with the change of this 
parameter. We will show that only for the stationary measure the predictions change continuously. 
For the proper-time and the scale factor cutoff, the predictions are strongly discontinuous. For the 
causal diamond measure, the predictions are continuous only if the stage of the slow-roll inflation is 
sufficiently long. 



I. INTRODUCTION 

Inflationary cosmology provides a simple mechanism 
which explains the observed homogeneity of our world: 
Inflation takes a tiny domain of the universe and rapidly 
expands it to the size which may exceed by many or- 
ders of magnitude the size of the observable part of the 
universe. This stretching removes all previously existing 
inhomogeneities and renders our world uniform. How- 
ever, this mechanism does not make the universe globally 
uniform. If the universe from the very beginning con- 
sisted of different parts with different properties (e.g. the 
scalar flelds occupying different minima of their potential 
energy), then the post-inflationary universe becomes di- 
vided into many exponentially large parts with different 
properties and even with different laws of the low-energy 
physics operating in each of them Ill's]. Moreover, even 
if initially the universe was represented by a single homo- 
geneous domain, inflationary quantum fluctuations may 
divide it into many exponentially large parts with differ- 
ent properties. In effect, an inflationary universe becomes 
a multiverse consisting of exponentially large "universes." 
This process leads to most profound consequences if in- 
flation is eternal [3 - 9_ , but similar effects may occur even 
if inflation is not eternal [lU] • 

These observations provided a simple scientific justi- 
fication for the use of anthropic principle in infiationary 
cosmology. One should be much less surprised to see that 
various parameters of the theory of elementary particles 
take non-generic, fine-tuned values if this is what makes 
our life possible. Our life is also non-generic, so if the uni- 
verse provides us with the choice of generic vacua where 
we cannot live and non-generic ones where we can live, 
the choice is obvious. However, in order to use this ar- 
gument to its full potential, and to go from "possible" to 
"probable," one should learn how to compare the proba- 
bilities to live in different parts of the multiverse. 

The main problem here is that in an eternally inflat- 
ing universe the total volume occupied by all, even abso- 
lutely rare types of the "universes," is indeflnitely large. 
Therefore comparison of different types of vacua involves 
comparison of infinities. As emphasized already in the 



first papers on the probability measure in eternal infia- 
tion j^-^ , such a comparison is inherently ambiguous and 
depends on the choice of the cutoff, which is required to 
regularize the infinities. However, as we are going to see 
shortly, the measure problem may appear even if infiation 
is not eternal and the universe is finite. 

Historically, the first probability distribution consid- 
ered in the literature was the function Pc{(j),t) [111 [T^. 
It described the probability to find a given scalar field 
at a given time at a given point. One can equivalently 
interpret Pc{4>i t) as the probability distribution in the co- 
moving coordinates, which do not refiect the exponential 
expansion of the universe during inflation. 

This probability distribution is inconvenient for the de- 
scription of eternal inflation, which occurs because of the 
exponential growth of the parts of the universe remain- 
ing at the stage of inflation. Eternal inflation occurs even 
when it could seem improbable in terms of Pc{<j>,t). As 
a result, an investigation of eternal inflation initially was 
performed with the help of a different probability distri- 
bution P{(f), t), which rewarded vicinity of each inflation- 
ary point by a factor reflecting the growth of its volume 
in [12 ■ An important advantage of this probability mea- 
sure was the stationarity (time-independence) of the dis- 
tribution P{(f),t) in the limit of large t [6l|7]. This means, 
for example, that if one calculates the ratio of the volume 
of all parts of the universe containing the fleld 0+ to the 
volume of all parts with the fleld 0_ starting from some 
sufficiently large time t, then the result will not change 
when the time t continues to grow. 

However, the probability distribution P{(l>, t) depends 
on the choice of time parameterization. If t is the usual 
proper time, which is measured by the usual clock, then 
the vicinity of each point during inflation grows like 
gSffAt (jyj.jjjg each small time interval At. This rewards 
expansion of the universe with large H . But one can also 
measure time in terms of expansion of space r a, where 
a is the scale factor |1] El [71 [TTl [H] , or, equivalently, in 
terms of ry ^ logr = logo. In this case, vicinity of each 
point is uniformly rewarded by the _ff-independent factor 
g3A)) ^ ;^ore generally, one can introduce a family of mea- 
sures where expansion is rewarded by a factor Q^H^^Atf,^ 
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where /3 is some constant depending on choice of time 
slicing tp. Each of these choices is quite legitimate, and 
the results are stationary in the large time limit, but the 
results obtained by this method are exponentially sensi- 
tive to the choice of the cutoff, i.e. to the choice of /3 

mm- 

Since that time, dozens of different candidates for the 
role of the probability measure have been proposed, most 
of them giving different predictions. It is impossible to 
give a full list of different proposals here, a partial list 
can be found e.g. in tl3( . We will mention only few of 
them, which are often discussed now, and briefly discuss 
their advantages and problems. 

Out of all of these measures, the original proper time 
cutoff measure P{4>, t) is the simplest. However, this mea- 
sure suffers from the youngness problem [14 , which was 
especially clearly formulated in |[15J: This measure ex- 
ponentially rewards parts of the universe staying as long 
as possible at the highest values of energy density. As 
a result, this measure exponentially favors life appear- 
ing in the parts of the universe with an extremely large 
temperature, which contradicts the observational data. 

The scale factor cutoff measure r), which corre- 
sponds to the choice (3 = 0, does not suffer from the 
youngness problem because it does not give exponentially 
large rewards to the parts of the universe spending extra 
time at a large energy density. Therefore this measure, 
as well as its various modifications and generalizations, 
became quite popular lately, see e.g. ^16. ,20, . 

However, this advantage occurs because the scale fac- 
tor cutoff measure corresponds to the special choice (3 = 
in the class of measures where expansion is rewarded by 
^SH^Atf,^ For all values of /3 > 0, these measures suffer 
from the youngness problem, and for (3 < they suf- 
fer from the opposite problem, which can be called "old- 
ness" problem: Life is predicted to exist mostly in cold 
empty space. This is equivalent to the so-called Boltz- 
mann brain problem. It appears in a certain class of 
measures predicting that typical observers should be cre- 
ated not as a result of the usual cosmological evolution, 
but because of quantum fluctuations in an empty post- 
inflationary universe |21| . 

Thus the choice (3 = must be made with an incredible 
precision. An optimist may consider it as an indication 
that the special choice (3 = is preferable. A pessimist 
may counter it by saying that the scale factor cutoff mea- 
sure provides an ultimate example of an exponential in- 
stability of predictions with respect to the choice of time 
parameterization, which seems unphysical. 

Another possibility is to consider the causal diamond 
measure which, unlike the measures discussed so 

far, is not global and does not involve any time cutoff. 
This measure cuts from the spacetime inside any given 
vacuum a finite four- volume subset (the causal diamond) 
formed by the intersection of the future light cone of the 
point where "an observer" crosses the hypersurface of re- 



heating and the past light cone of the point where he / she 
leaves that vacuum. This makes all regularized quanti- 
ties finite within the causal diamond. The measure then 
assigns (i) prior probabilities to vacua of each type based 
on the number of times when an observer appears in a 
given vacuum and (ii) weights to each vacuum according 
to the entropy produced in its causal diamond. The net 
probability is given by the product of these two num- 
bers. The predictions obtained by this method depend 
on the initial probability distribution of the vacua. If, 
for example, one evaluates the probability of initial con- 
ditions using the Hartle-Hawking wave function, then the 
causal diamond measure suffers from a severe Boltzmann 
brain problem [SJ . Under many alternative assumptions 
concerning the probability distribution of initial condi- 
tions, the causal diamond measure gives practically the 
same results as the scale factor cutoff measure and the re- 
cently proposed measure based on considerations related 
to holography and conformal invariance [19 . When using 
the causal diamond measure in this paper we assume that 
the prior probabilities are uniform on different vacua. We 
also take the number of galaxies in a causal diamond as 
a proxy for the amount of entropy produced there. 

All of these measures share certain vulnerability with 
respect to the Boltzmann brain problem. Roughly speak- 
ing, in order to avoid this problem for these measures, the 
decay rate of each of the vacua in the landscape must be 
greater than the rate of the Boltzmann brain production 
there. For a more exact formulation of this condition 
see [T71 [T5] . This condition may be satisfied for a rather 
broad class of vacua in string theory landscape jH] , but 
the answer for generic string theory vacua is not known 
yet. And here lies a potential problem: If there is a 
50% probability that the required condition is satisfied 
in each of the exponentially large number of the as yet 
unexplored stringy vacua (we made the 50% probability 
assumption simply because we do not really know the 
answer) , then the probability that it is satisfied in all of 
the unexplored vacua is exponentially small. 

Potential difficulties of this class of measures are quite 
considerable, but they are less severe than the youngness 
problem plaguing the proper time cutoff measure P{4>, t). 
Fortunately, it was possible to address the youngness 
problem in an improved version of this measure, which 
was called the stationary measure |26}I27|. The main ob- 
servation of Ref. was that the stationary regime, in 
which P{((>,t) becomes time-independent, is established 
at different times for different processes. This means that 
there there was no stationarity in the beginning of the 
process. Therefore it does not make sense to compare all 
processes at the same time. Instead of that one should 
compare different processes starting at the time when the 
stationarity is first achieved for each of them separately. 

For example, in the model to be studied in our paper 
(see Figs. 1, 2), we will try to compare the volume of 
all parts of the universe with the scalar field to the 
volume of all parts with the field </)_. In the beginning 
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of the process the universe was in a state </) = 0. Then, 
after the tunneling and slow roll, the domains of the field 
0_ were produced, and their number began growing ex- 
ponentially starting from some time ti-. The domains 
of the field were produced only somewhat later, and 
their number began growing at the same rate starting 
from a different time ti^. The main idea of the station- 
arity measure |26l I27j is that one should compare the 
domains with the field 0+ to the domains with the field 
(j>- not at the same time t after the big bang, but at the 
same time At since the moment when each of the do- 
mains were produced and their number started growing 
at the same rate. 

This idea has a particularly simple interpretation in the 
situations when inflation is not eternal. Indeed, in this 
context it does not make any sense to compare processes 
in different domains at the same time from the big bang. 
For example, if one uses the scale factor measure, the 
process of star formation begins at exponentially differ- 
ent times (i.e. at different scale factors) in different parts 
of the universe. However, it is quite possible to compare 
processes of star formation in different domains starting 
from the time when the star formation actually begins 
there. This is the main principle of the stationarity mea- 
sure: synchronization in terms of an arbitrary choice of 
time should be replaced by synchronization with respect 
to some kind of a physical process |26l [37] . 

One of the advantages of this measure is the absence 
of the exponential sensitivity of predictions to the choice 
of the time parameterization [26\ An investigation per- 
formed in ||27j suggests that this measure does not suffer 
from the youngness problem and the Boltzmann brain 
problem. 

Stationary measure does not reward us for growth of 
volume during a purely de Sitter stage in a metastable 
vacuum state (i.e. in false vacuum). However, the prob- 
abilities are proportional to the growth of volume during 
the stage of the slow roll inflation. This property ex- 
plains flatness of the universe. There is a potential dan- 
ger that the exponential sensitivity of the total volume of 
the universe to the choice of the inflationary parameters 
may make the total number of observers in the universe 
exponentially large, but simultaneously make the proba- 
bility of emergence of life in any flnite volume extremely 
small. This is the essence of the problem which is some- 
times called Q catastrophe [HI UHl ISH] ■ Possible solutions 
of this problem were proposed in |30ff52] . 

This brief discussion illustrates the general situation 
with the probability measure for eternal inflation. In 
this paper we will discuss the situations when inflation is 
not eternal and the universe is compact. As we will see, 
even in such situations one may come to different con- 
clusions with respect to probabilities. Therefore it may 
make sense to temporarily suppress our ambitions and 
try to understand non-eternal inflation, which at the flrst 
glance could seem quite trivial, and then return again to 
the investigation of eternal inflation. We will see that 



the stationary probability measures lead to similar pre- 
dictions for eternal and non-eternal inflation. However, 
all other measures discussed above give very different pre- 
dictions for models with eternal and non-eternal inflation. 
While this discontinuity does not necessarily mean that 
such measures are problematic, we think that this fact 
requires certain attention. 



II. ETERNAL AND NON-ETERNAL 
INFLATION: A TOY MODEL 



We consider inflation driven by a scalar fleld in models 
with two different potentials. In one model (which we 
call the eternal model; see Fig. [T]), the scalar field starts 
at (jjQ. Inflation proceeds via tunneling through the po- 
tential barriers to the right or left with an equal rate T 
per proper volume. Bubbles of new vacua nucleate and 
undergo a subsequent slow roll inflation along the fairly 
flat shoulders of the potential in either side. The value 
of the potential Vs on these shoulders is the same but 
the fleld excursion along them is different. Eventually 
inflation ends and the scalar fleld takes on the value (f)^ 
or 0_ in the corresponding part of the universe. We as- 
sume, for simplicity, that these are vacua with the same 
particle physics and the same vacuum energy densities 
A < 0, which collapse in a finite time. As long as the 
expansion rate 3Hq of the volume populated by false vac- 
uum is greater than its total decay rate ^Hq^T (which 
is true in most realistic situations), infiation is eternal. 
The space-time takes a fractal structure with infinite 4- 
volume and a measure is required to make any statistical 
statement. 

In the other model (the non-eternal model; see Fig. [2]) 
the scalar field starts from (j)o again but there is no poten- 
tial barrier and, instead of tunneling, the field just falls 
down to either right or left (again with equal probabili- 
ties since the shape of the potential is symmetric). This 
part of the potential is assumed to be steep enough that 
quantum fiuctuations cannot cause an upward jump and 
hence inflation is non-eternal. Finally there is a subse- 
quent slow roll inflation, like in the eternal model, ending 
in one of the collapsing vacua. 

In both cases, we will make a simplifying assumption 
that the different parts of the universe experience a long 
stage of inflation, so that each such part becomes ex- 
ponentially large, and all interesting processes in each 
of these parts occur practically independently, as if they 
were separate universes. Of course, this picture is only 
approximately correct, and one should be careful not to 
use it beyond the limits of its applicability (we will dis- 
cuss the situation where this assumption breaks in Sec- 
tion IV I . We hope that this approximate picture will be 



sufficient to identify some important differences which 
appear when one tries to describe models of eternal and 
non-eternal inflation. 
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FIG. 1. The scalar field potential for the eternal inflation 
model. 
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FIG. 2. The scalar field potential for the non-eternal inflation 
model. 



Even if inflation is not eternal, one may still face the 
problem of regularizing infinities if, for example, we dis- 
cuss an open or flat spatially infinite universe. There 
are two ways to avoid it. The most obvious way is to 
consider a closed universe with A < 0. It has finite size 
and it collapses in finite time. Another, less trivial pos- 
sibility is to consider a compact open or flat universe, 
the simplest example being a flat universe with periodic 
boundary conditions, represented by a compact /c = 3- 
torus. Whereas this possibility may seem a bit unusual, 
an investigation of the probability of quantum creation 
of such universes shows that their formation is exponen- 
tially more probable than formation of closed universes 
|33H35| . Therefore in this paper we will concentrate on 
the models describing a flat or open compact universe. 
However, all results will remain valid for the close uni- 
verse case if the duration of inflation in a close universe 
is long enough to make it effectively flat. 

The evolution of the scale factor after the field falls 
down the hill but before it begins the slow roll stage is the 
same on the right and left shoulders of the potential since 
it is symmetric in the vicinity of 0o- This stage occurs 



in a similar way for eternal and non-eternal inflation. In 
the eternal model the field tunnels from the false vacuum 
Vq to an escape point close to the top of the potential, 
and then it starts falling down the hill with zero initial 
velocity. In the non-eternal model the field just falls down 
from the same height Vq in the potential of a very similar 
shape, with zero initial velocity. In both cases it takes 
the same time for the field to reach the terminal velocity 
(f) = —Vg/3Hs, where Sif^ = Vs is the vacuum energy 
density during the slow roll inflation and is the slope of 
the potential during this stage. For simplicity we assume 
that Vo and Vs have the same order of magnitude, the 
scalar potential does not change much during inflation, 
and the slope of the potential is very small and nearly 
constant. 



The field then rolls for a time 



ti± — 



(1) 



until it reaches the right or left minimum, respectively. 
The stage of slow roll inflation and the subsequent reheat- 
ing is the same for the two models. The only difference is 
that in the eternal model the spatial geometry of the bub- 
ble interior is a A: = —1 hyperboloid (open inflation) while 
in the non-eternal model the newly formed domain can 
be either open or flat |33ff55| . This difference is rather 
inessential since soon after the beginning of inflation the 
universe becomes flat. Thus, for the purposes of our 
paper one can assume that the universe from the very 
beginning was expanding exponentially, a{t) ~ oqc^^*, 
and the total number of e-folds of inflation is given by 
N± — Hsti±, where < t < ti± is the time duration of 
inflation on right and left, respectively. 

The total size of the universe at the end of inflation 
a{t 



ao e 



N± 



depends on the size of the universe oq 
at the beginning of inflation. We will assume that the 
size of the universe at the beginning of inflation was very 
small. It can be as small as the Planck length, gq ^ 1, 
or it may be of the order of the inverse Hubble constant 
during inflation, ao ^ H^^, or it may take an intermedi- 

— 1/3 

ate value ao ^ Hs , starting from which the classical 
description of a compact flat universe becomes possible 
|35] . However, even a very large difference between vari- 
ous possible values of ao can be compensated by a slight 
change of N±. For the purposes of our paper we will 
simply take ao = 1, and treat N± as input parameters 
(instead of the details of the potential) . 

At the end of the slow roll inflation, reheating takes 
place, which we assume to be instantaneous. It produces 
radiation and matter with respective densities pri and 
Pmi in a universe with a small negative cosmological con- 
stant, |A| <C Vs- Energy conservation at t = ti requires 
that 



Pn 



■ Pri + A. 



(2) 



The ratio Pmil Pri of produced matter to produced radi- 
ation is determined by the particle physics which is the 
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same on right and left . Since Vs and A are fixed through- 
out this paper, we conclude that pmi and pri are also 
constant parameters independent of model (i.e., of eter- 
nal or non-eternal nature of the model) and of ± (i.e., of 
right or left minimum of the potential). Such a universe 
will reach a maximum size at a turning time t ~ tt, then 
begins contracting and finally collapses to a singularity 
at the finite time t = tc- To see this we note from the 
FRW equation 



k 



1 



(3) 



that for A < and PrmPr > there is always a turning 
point Ht = after which a phase of contraction starts 
leading to a singularity at a = 0. 

To estimate the total lifetime of the universe, let us 
first assume that infiation was long enough to render the 
term ^ irrelevant. (This term does not appear for the 
flat compact universe anyway.) Ignoring the duration 
of the period of inflation {ti <^ tc), one can show that 
the total lifetime of the universe from its creation to its 
collapse is given by 



\/ + Prntd + Prt 



(4) 



Here a is the ratio of the scale factor to its value at the 
turning point, and pmt and prt are the densities of matter 
and radiation at the turning point, where pmt + Prt + A = 
0. It is instructive to consider two separate cases: hot 
universe, pmt = 0, p^t+A = 0, and cold universe, prt — 0, 
Pmt + A = 0. Analytic integration of this equation shows 
that for the hot universe 



ihot 



and for the cold universe 



^cold 





(5) 



(6) 



Now let us restore the term in our equations and 
consider an open universe, ignoring pmt and prt- In this 
case, 
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FIG. 3. Evolution of the scale factor in a collapsing k = Q 
FRW universe with respect to the proper time (top) and the 
scale factor time (bottom). In each pair of plots the left one 
has a slightly longer stage of slow role inflation than the right 
one. The area after reheating is painted. Notice almost ex- 
act symmetry of behavior of the scale factor during expansion 
versus contraction. Stars indicate the period where galaxies 
are produced and life as we know it is possible. This hap- 
pens at the same time t but at very different times r for the 
universes experiencing longer/shorter stages of inflation. 



lOpcn 




(7) 



More generally, if fc = the collapse time is bounded from 
below by and from above by i™'*^. If fc = —1 the up- 
per bound is i°P°" and the lower bound is In all of 
these cases the lifetime of the universe does not depend on 
the duration of inflation and is given by c|A|~"'^/^, where 
the coefficient c = 0{\) depends on the matter contents 
of the universe. The only exception from this simple rule 
appears if one considers a closed universe with a short 



stage of inflation and an exponentially small cosmological 
constant. Then the universe collapses at a time shorter 
than 0(|A|^^/^). As we already mentioned, in this paper 
we will concentrate, for simplicity, on open or flat com- 
pact universes, or on closed universes with a sufficiently 
long stage of infiation, when the rule described above 
holds. However, most of the qualitative conclusions of 
our paper will remain valid for closed universes with a 
short infiationary stage. 

We are interested in counting the total number A/± of 
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galaxies across the whole spacetime, which are located 
inside a (j)± vacuum. In a part of the universe where 
inflation has ended, galaxies are formed at a time tg ^ ti 



when the scale factor is 



a(tg). As long as fl 



1, tg must be independent of the inflationary history of 
universe and in particular of the number of e-folds (as 
long as the galaxies are much smaller than the total size 
of the universe). The time tg, and, consequently, the 
ratio ag/ai, and the number density of galaxies n{tg) can 
depend only on the particle physics of the vacuum, so 
they are ib-independent. 



III. THE ETERNAL INFLATION MODEL 

In this section we calculate the relative probability ^ 
in the eternal model. A careful analysis of the problem 
within the three cutoff-based measures requires solving 
a master equation which incorporates both the tunnel- 
ing process and the diffusion equation that describes the 
stochastic behavior of the field during slow roll inflation 
[24\ l?6 36_. We will not get into the details of this analy- 
sis, rather take a shortcut to the answer and explain our 
simplifying assumptions. 

Let us consider a time cutoff t that is related to the 
proper time t via dr = H^^^dt. The total volume Vb 
in the false vacuum state 0o grows because of the ex- 
ponential expansion of de Sitter space, but also slightly 
decreases due to the false vacuum decay. Ignoring the 
probability of jumps back to the original state 4>q, one 
can write an equation for Vq: 



^ = (3iJo^-2.)yo(r) 



(8) 



Here k = is the decay rate per unit r. This 

equation has a simple exponential solution: 



^oM =l^o(0)exp[(3i/o^-2«)r]. 



(9) 



The second half of the process is the slow roll from the 
escape point(s) of tunneling to (p±. We ignore the diffu- 
sion due to the quantum fluctuations and only consider 
the classical roll. Then the volume V± of the part of the 
universe that has reached the time of galaxy formation 
on right /left is determined by 



dV±{T) 3^ f ag±Y f X 



(10) 



where Tg± is the time from bubble nucleation to galaxy 
formation: 



Tri — dr = , 



da 



(11) 



Noting that Ug/ai is zb-independent and N± = Hgt 



we find for the proper time (/3 = 1) 



lim 

r— voo 



V+[r) 



exp 



13=1 



3Ho - 2k 



(12) 

The term 3Hq / Hg dominates the first factor in the expo- 
nent and leads to favoring of shorter inflation: the prob- 
ability to be in is exponentially suppressed [35] . For 
the scale factor time (/3 = 0), however, we find: 



lim 

T—^OO 



V+{t) 



V-{r) 



(13) 



0=0 



indicating a mild favoring of longer infiation (which is 
actually the source of the mild Boltzmann brain problem 
in this measure |T5]). But since k is exponentially small, 
for the purposes of our comparison we can just consider 
the limit k — which gives equal likelihood to 0± , 



lim 



V-ir) 



= 1 



(14) 



/3=0 



To find the result for arbitrary (3 one can break the 
integral in Eq. (Ill into two pieces: a < ai and a > 
a,;. The post infiation piece, a > ai, is ±-independent 



(similar to the integrals appearing in Eqs. ^ and (19l) 
so it cancels out in the ratio while the infiationary piece, 
a < Gi gives a contribution ss (A^-|_ — N^) / . Therefore 
one finds 



T->-00 V-{t) 



3- 



3iJ^ - 2k' 



H: 



{N+-N^) 



(15) 

In the stationary measure one synchronizes the expo- 
nential growth of the volume of the two sides based on the 
time they reach the stationarity regime. This amounts 
to modifying Eq. ( 10 I to read: 



dV±(T) 



dr 

whose solution yields: 
V+ir) 



Ke 



3N± 



ag± 



lim 



V-{t) 



„3(7V+-Ar_) 



(16) 



(17) 



For a more detailed derivation of this result see [IS] . 
All results obtained above describe the ratio 



at 



In the special case of proper time one finds Tg = tg, 

whereas for the scale factor time one gets Tg = N+\og^. '^^^'^ ^ < ' ■ ^™ 



V-(r) 

a given time r, if this time is large enough. The same 
results describe the ratio of all galaxies which ever existed 
in the universe until the cut-off time r, in the limit r — >■ 
oo. This observation will play an important role when 
we will discuss possible generalizations of these results 
for the non-eternal infiation. 

Finally for the caus al diamond measure one finds the 

V+(r) 



V-{t) 



13=0 



1, i.e. the 
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final result does not depend on the duration of the slow 
roll inflation. Indeed, in our model the total lifetime 
of the universe, and, consequently, the total size of the 
causal diamond and the entropy produced there, do not 
depend on the duration of inflation. In the next section 
we will explain this result in a more detailed way and 
show that it remains valid for the non-eternal inflation 
as well, but only if inflation is long enough. 



IV. THE NON-ETERNAL INFLATION MODEL 



In the non-eternal model the total proper volume of all 
collapsing universes at their time of galaxy formation is 
finite, and so is the total number of galaxies. This makes 
the calculation of the total number of galaxies simple and 
unambiguous. However, one immediately realizes some 
additional problems which were swept under the carpet 
in the eternal infiation scenario. 

Indeed, in the eternal infiation scenario, galaxies of a 
given type will always exist in some parts of the universe 
at any time r, and the ratio of their number in different 
vacua asymptotically becomes time-independent. This is 
not the case for the non-eternal inflation scenario. One 
can see it most clearly in the lower panel of Fig. 3, which 
shows two "diamonds" describing the evolution of the uni- 
verse with respect to the scale factor time. Whereas the 
proper time required for the galaxy formation in these 
universes is approximately the same, the corresponding 
scale factor time is dramatically different. As a result, it 
simply does not make any sense to compare the number 
of galaxies at the same scale factor time t. 

This problem does not appear if one uses an ana- 
logue of the stationary measure, where the comparison 
occurs not at a given cosmological time, but at the time 
when certain physical processes (i.e galaxy formation) 
take place. The corresponding result in the stationary 
measure is proportional to the total volume of the uni- 
verse at the time of the galaxy existence, which, in its 
turn, is proportional to the growth of volume during the 
slow roll inflation. 



= exp[3(iV+ - N^)] 



(18) 



This result coincides with the result which we obtained 
using the stationary measure in the eternal inflation case, 
see Eq. pTl). 



An alternative approach is to compare the total num- 
ber of galaxies which may be formed over the whole life- 
time of the universe. This method works not only for the 
stationary measure, but for the proper time measure and 
for the scale factor measure. On average, 4'± domains 
are formed at the same time and each occupies half of 
the volume of the original false vacuum. Thus we can 
find the ratio ^ of all galaxies in (j)+ to all of those 



by simply computing the ratio -j^jj^ 



ies in only one 0+ 



of the galax- 

domain to those in one domain. 
Ignoring geometric factors such as 47r/3, one can write 

= n±{tg±) 0'^g±- As we saw earlier, Ug and ag/ai 
are zb-independent. Therefore, the ratio of the total num- 
ber of galaxies which ever existed in the 0+ vacuum to 
those in the 0_ vacuum is again given by Eq. ( 18 1. Once 



again, we recovered the answer which was obtained using 
the stationary measure for the eternal infiation scenario. 

As already mentioned, the spacetime 4-volume is finite 
in this model and there is no need for a cutoff to regu- 



larize infinities. Thus Eq. (18 1 is an unambiguous result 
of counting of all galaxies in the universe. However, if 
one decides to impose an additional cutoff, which is not 
necessary for regularization of infinities in a compact uni- 
verse, one may come to a different conclusion. 

In particular, the causal diamond measure does not 
take into account the parts of the universe that do not 
belong to the causal diamond. Let us find the ratio 
J\f^/M- given by this measure. Consider an observer 
whose worldline crosses the reheating surface and hits 
the singularity far away from the walls, so that an FRW 
description with the observer at the center of coordinates 
is valid. We need to count galaxies formed at tg but only 
those which lie inside the causal diamond. The diamond 
has two boundaries: the past light cone of the point where 
the worldline hits the singularity r = — J* and the 
future light cone of the point where it hits the reheating 
surface r = . At tg < U the smaller of these two is 

the latter. Thus at the time of galaxy formation tg there 
are 



= Tlo 



u ait), 
aa I \/ida 



a. 



I Ji 



^ Aa* -I- p„ja + 



(19) 



galaxies within the causal diamond. All variables ap- 
pearing in this expression are ±-independent and thus 
so is A/cD- Furthermore, a uniform initial distribution 
of worldlines implies that on average an equal number of 
worldlines enter the domains and since they are far 
away from the walls they will stay in their domain until 
they fall into the singularity. Thus M± oc A/qd with a 
±-independent proportionality constant. Therefore, for 
the causal diamond measure we find 



= 1. 



(20) 



Thus the causal diamond measure, unlike all other mea- 
sures discussed above, does not reward us for the expo- 
nential growth of volume during a long stage of slow roll 
infiation. This result is valid for eternal and non-eternal 
infiation, but only if the stage of infiation is very long. 
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Measure 


Non-Eternal Model 


Eternal Model 


Proper Time 


cxp[3(Af+ - Af_)] 


cxp -^(iV+-iV_) 


Scale Factor 


exp[3(iV+ -iV-)] 


1 


Causal Diamond 


J exp[3(iV+ - iV-)] if N is small enough 
1 1 if A'^ is large enough 


1 


Stationary 


exp[3(iV+ -iV_)] 


exp[3(iV+ - iV_)] 



TABLE I. Predictions of the four measures in the eternal and non-eternal models. 



Indeed, if inflation is very long, any observer will be 
able to see (and to influence) only a tiny fraction of the 
universe determined by the size of the causal diamond, 
which does not depend on the duration of inflation. How- 
ever, if inflation is short and the universe is small enough, 
an observer will be able to see all galaxies in the universe. 
In this case the total number of galaxies accessible to ob- 
servations will be proportional to the total volume of the 
universe, and instead of Eq. ( 20 1 one should use Eq. ( 18 1 , 



which shows that the probability depends exponentially 
on the duration of inflation, if it is short enough. 



V. CONCLUSIONS 

We have investigated four different measures in an eter- 
nal and a non-eternal toy model. Table [T] summarizes the 
predictions of each measure for the relative probability 
of being in versus being in (j)- . In terms of rewarding 
for a long stage of inflation we have found that: 

• The proper time (standard volume weighting) mea- 
sure exponentially favors inflation in the non- 
eternal case but exponentially disfavors it in the 
eternal case. The two exponential behaviors are 
different: in the non-eternal case only the differ- 
ence in the number of e-folds appears in the expo- 
nent while in the latter the exponent contains, in 
addition to iV+ — , a large factor Ho / Hg coming 
from the high energy of the false vacuum relative 
to the energy scale of inflation. 

• The scale factor cutoff measure behaves the same 
as the proper time measure in the non-eternal case. 
But in eternal inflation case, it does not care much 
about the duration of the slow roll inflation. 

• The causal diamond measure is like the scale factor 
cutoff in the eternal case: no reward for inflation. 
But in non-eternal inflation it has an interesting 
behavior being sensitive to the number of e-folds 
only up to a critical number. Beyond that the ob- 
server doesn't distinguish longer stages of inflation 
and hence the measure is insensitive to N . 



• The prediction of the stationary measure coincides 
with the unambiguous counting of galaxies in non- 
eternal inflation. This is shared by the previous two 
measures as well. But the stationary measure gives 
the same result in both eternal and non-eternal 
case. It is the only measure among the four we 
studied here that produces a result that continu- 
ously varies as one goes from eternal to non-eternal 
inflation. 

It is quite interesting that all of these measures, being 
applied to non-eternal inflation, tell us that the probabil- 
ity to live in a given part of the universe is proportional 
to the exponential growth of volume during the slow-roll 
inflation, or at least during a certain part of inflationary 
expansion of the universe. Surprisingly, the first three of 
the measures in the Table |T] lost this universal property 
when applied to the eternal inflation scenario. 

These results do not necessarily disfavor the flrst three 
measures since they have been invented for eternal in- 
flation rather than for the non-eternal inflation. Never- 
theless, dramatic discontinuity of predictions during the 
transition from non-eternal to eternal inflation is quite 
intriguing. With respect to the flrst two measures in the 
Table |lj this discontinuity can be traced back to the use 
of the asymptotic stationary distributions at the stage 
when the stationarity is not reached for some of the pro- 
cesses, see a discussion of this issue in . Once this prob- 
lem is taken care of |26l [27] , the transition from the non- 
eternal to eternal inflation becomes continuous. It would 
be interesting to see whether a similar modiflcation can 
restore the continuity of predictions of other probability 
measures. 



ACKNOWLEDGMENT 

We are grateful to Daniel Harlow, Vitaly Vanchurin, 
Alex Vilenkin for very useful discussions. This work was 
supported in part by NSF grant PHY-0244728. The work 
of A.L. was also supported by the FQXi grant RFP2-08- 
19. M.N. was supported in part by a Mellam Family 
Foundation Fellowship. 



9 



A.D. Lindc, "Nonsingular Regenerating Inflationary Uni- 
verse," Print-82-0554, Cambridge University preprint, [19 
1982, see http://www.stanford.edu/~alinde/1982.pdf 
A.D. Linde, "The New Inflationary Universe See- [201 
nario," In: The Very Early Universe, cd. G.W. 
Gibbons, S.W. Hawking and S. Siklos, Cam- [21 
bridge University Press (1983), pp. 205-249, see 
http: / / www.stanford.edu/~alinde/1983.pdf 
A. Vilenkin, "The Birth Of Inflationary Universes," Phys. [22 
Rev. D 27, 2848 (1983). 

A. D. Linde, "Eternally Existing Self-reproducing 
Chaotic Inflationary Universe," Phys. Lett. B 175, 395 [23 
(1986). 

A. D. Linde, "Particle Physics and Inflationary Cosmol- 
ogy," Physics Today 40, 61 (1987). 

A.D. Linde and A. Mezhlumian, "Stationary universe," [24] 
Phys. Lett. B 307, 25 (1993) [arXiv:gr-qc/9304015]. 
A.D. Linde, D.A. Linde and A. Mezhlumian, "Prom the 
Big Bang theory to the theory of a stationary universe," [25 
Phys. Rev. D 49, 1783 (1994) [arXiv:gr-qc/9306035]. 
J. Garcia-Bellido, A. D. Linde and D. A. Linde, "Fluctua- 
tions Of The Gravitational Constant In The Inflationary [26 
Brans-Dicke Cosmology," Phys. Rev. D 50, 730 (1994) 
[arXiv:astro-ph /9312039] . 

A. Vilenkin, "Predictions from quantum cosmology," [27 
Phys. Rev. Lett. 74, 846 (1995) [arXiv:gr-qc/9406010j. 
A. D. Linde, "Inflation Can Break Symmetry In Susy," 
Phys. Lett. B 131, 330 (1983). [28 
A. A. Starobinsky, "Stochastic De Sitter (Inflationary) 
Stage In The Early Universe," in: Current Topics in Field 
Theory, Quantum Gravity and Strings, Lecture Notes in 
Physics, eds. H.J. dc Vega and N. Sanchez (Springer, [29 
Heidelberg 1986) 206, p. 107. 

A. S. Goncharov, A. D. Linde and V. F. Mukhanov, "The 
Global Structure Of The Inflationary Universe," Int. J. [30] 
Mod. Phys. A 2, 561 (1987). 

S. Winitzki, "Predictions in eternal inflation," Lcct. Notes 
Phys. 738, 157 (2008) [arXiv:gr-qc/0612164]. [31 
A. H. Guth, "Eternal inflation and its implications," J. 
Phys. A 40, 6811 (2007) [arXiv:hep-th/0702178]. [32 
M. Tegmark, "What does inflation really predict?," JCAP 
0504, 001 (2005) [arXiv:astro-ph/0410281]. 
A. Dc Simonc, A. H. Guth, M. P. Salem and A. Vilenkin, [33 
"Predicting the cosmological constant with the scale- 
factor cutoff measure," Phys. Rev. D 78, 063520 (2008) 
[arXiv:0805.2173 [hep-th]]. [34j 
R. Bousso, B. Preivogel and I. S. Yang, "Properties of the 
scale factor measure," Phys. Rev. D 79, 063513 (2009) 
[arXiv:0808.3770 [hep-th]]. [35 
A. De Simone, A. H. Guth, A. D. Linde, M. Noor- 
bala, M. P. Salem and A. Vilenkin, "Boltzmann brains 
and the scale-factor cutoff measure of the multiverse," [36 



arXiv:0808.3778 [hep-th]. 

J. Garriga and A. Vilenkin, "Holographic Multiverse," 
JCAP 0901, 021 (2009) [arXiv:0809.4257 Jhep-th]]. 
R. Bousso, "Complementarity in the Multiverse," Phys. 
Rev. D 79, 123524 (2009) ]arXiv:0901.4806 [hcp-th][. 
L. Dyson, M. Klcban and L. Susskind, "Disturbing Im- 
plications of a Cosmological Constant," JHEP 0210, Oil 
(2002) [arXiv:hep-th/0208013]. 

R. Bousso, "Holographic probabilities in eternal infla- 
tion," Phys. Rev. Lett. 97, 191302 (2006) larXiv:hep- 
th/0605263]. 

R. Bousso, R. Harnik, G. D. Kribs and G. Perez, "Predict- 
ing the Cosmological Constant from the Causal Entropic 
Principle," Phys. Rev. D 76, 043513 (2007) larXiv:hep- 
th/0702115]. 

A. D. Linde, "Sinks in the Landscape, Boltzmann Brains, 
and the Cosmological Constant Problem," JCAP 0701, 
022 (2007) ]arXiv:hep-th/0611043]. 

B. Preivogel and M. Lippert, "Evidence for a bound on 
the hfetimo of de Sitter space," JHEP 0812, 096 (2008) 
]arXiv:0807.1104 ]hep-th[]. 

A. D. Linde, "Towards a gauge invariant volume-weighted 
probability measure for eternal inflation," JCAP 0706, 
017 (2007) ]arXiv:0705.1160 ]hep-th]]. 

A. D. Lindc, V. Vanchurin and S. Winitzki, "Station- 
ary Measure in the Multiverse," JCAP 0901, 031 (2009) 
larXiv:0812.0005 [hep-th]]. 

B. Feldstein, L. J. Hall and T. Watari, "Density pertur- 
bations and the cosmological constant from inflationary 
landscapes," Phys. Rev. D 72, 123506 (2005) ]arXiv:hep- 
th/0506235]. 

J. Garriga and A. Vilenkin, "Anthropic prediction for 
Lambda and the Q catastrophe," Prog. Theor. Phys. 
Suppl. 163, 245 (2006) ]arXiv:hep-th/0508005]. 
J. Garcia-Bellido and A. D. Linde, "Stationarity of infla- 
tion and predictions of quantum cosmology," Phys. Rev. 
D 51, 429 (1995) [arXiv:hep-th/9408023]. 
A. D. Linde and V. Mukhanov, "The Curvaton Web," 
JCAP 0604, 009 (2006) ]arXiv:astro-ph/0511736]. 
L. J. Hall, T. Watari and T. T. Yanagida, "Taming the 
runaway problem of inflationary landscapes," Phys. Rev. 
D 73, 103502 (2006) ]arXiv:hep-th/0601028]. 
Y. B. Zeldovich and A. A. Starobinsky, "Quantum cre- 
ation of a universe in a nontrivial topology," Sov. Astron. 
Lett. 10, 135 (1984). 

D. H. Coule and J. Martin, "Quantum cosmology 
and open universes," Phys. Rev. D 61, 063501 (2000) 

]arXiv:gr-qc/9905056]. 

A. D. Linde, "Creation of a compact topologically non- 
trivial inflationary universe," JCAP 0410, 004 (2004) 
]arXiv:hep-th/0408164]. 

J. Garriga and A. Vilenkin, "Recycling universe," Phys. 
Rev. D 57, 2230 (1998) ]arXiv:astro-ph/9707292]. 



